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Abstract
In this paper, a further investigation for the Carlitz’s q-Bernoulli numbers and
q-Bernoulli polynomials is performed, and several symmetric identities for these
numbers and polynomials are established by applying elementary methods and
techniques. It turns out that various known results are derived as special cases.
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1 Introduction
The classical Bernoulli numbers Bn and Bernoulli polynomials Bn(x) are usually deﬁned
by the following generating functions
t






(|t| < π) (.)
and
text






(|t| < π). (.)
Clearly, Bn = Bn(). These numbers and polynomials play important roles in many dif-
ferent areas of mathematics such as number theory, combinatorics, special function and
analysis, and numerous interesting properties for them have been explored, see, for exam-
ple, [, ].
In the present paper, we will be concerned with the Carlitz’s q-Bernoulli numbers and
q-Bernoulli polynomials. Throughout this paper, it is supposed that q ∈C with |q| <  and
C being a complex number ﬁeld. For x ∈C, the q-number is deﬁned by (see [])
[x]q =
 – qx
 – q =  + q + · · · + q
x–. (.)
Obviously, limq→[x]q = x.
© 2013 He; licensee Springer. This is an Open Access article distributed under the terms of the Creative Commons Attribu-
tion License (http://creativecommons.org/licenses/by/2.0), which permits unrestricted use, distribution, and reproduction in any
medium, provided the original work is properly cited.
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Wenow recall the q-Bernoulli numbers βn = βn(q) and q-Bernoulli polynomials βn(x,q),
which were introduced by Carlitz [], as follows
β(q) = , q
(
qβ(q) + 
)n – βn(q) =
⎧⎨










βk(q)qkx[x]n–kq (n ≥ ) (.)
with the usual convention about replacing βi by β i. Since the above Carlitz’s q-Bernoulli
numbers and q-Bernoulli polynomials appeared, diﬀerent properties of the q-Bernoulli
numbers and q-Bernoulli polynomials have beenwell studied bymany authors, see [] for a
good introduction. In fact, the Carlitz’s q-Bernoulli numbers and q-Bernoulli polynomials



























(|t + logq| < π). (.)
From (.) and (.) one can easily obtain
βn(q) = βn(,q), limq→βn(q) = Bn, limq→βn(x,q) = Bn(x). (.)
















with s ∈C and x = ,–,–, . . . .








s ∈C,Re(s) > ;x /∈ Z– = {,–,–, . . .}
)
, (.)














where s ∈C with Re(s) >  and x /∈ Z– = {,–,–, . . .}.
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The aim of the present paper is to perform a further investigation on the Carlitz’s
q-Bernoulli numbers and q-Bernoulli polynomials. By applying elementary methods and
techniques, we establish some symmetric identities for these numbers and polynomials,
by virtue of which, various known results are derived as special cases.
2 The restatement of results
In this section, a further investigation for the Carlitz’s q-Bernoulli numbers and q-
Bernoulli polynomials is performed, and several symmetric identities for them are estab-
lished. We ﬁrstly state the following result for the q-zeta function.

























[bx + bj/a + n]sq






[bx + bj/a + n]s–q
. (.)
Note that for any x ∈C and positive integer n, [nx]q = [x]qn · [n]q. Hence, by replacing q by























[abx + bj + an]sq
(





Since for any non-negative integer n and a positive integer b, there exist unique non-
negative integers r and i such that n = br + i with  ≤ i ≤ b – . So, the above identity











[ab(x + r) + bj + ai]sq
×
(
 + ( – q)
[























[ab(x + n) + ai + bj]sq
×
(
 + ( – q)
[
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[ab(x + n) + ai + bj]sq
×
(
 + ( – q)
[







Thus, equating (.) and (.) gives the desired result. 
We next discuss some special cases of Theorem .. Setting b =  in Theorem ., we








In particular, the case a =  in (.) gives the duplication formula for the q-zeta function




= []sqζq(s, x). (.)








= asζ (s,ax), (.)
and the duplication formula for the classical Hurwitz zeta function




= sζ (s, x), (.)
respectively, see, for example, [].
Now, we are in the position to give some similar symmetric identities for the Carlitz’s
q-Bernoulli numbers and q-Bernoulli polynomials.


















Proof By applying the exponential series ext =
∑∞
n= xntn/n! to the generating function of
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qm[x +m]n–q + ( – q)( + n)
∞∑
m=
qm[x +m]nq . (.)
So, from (.), (.) and the analytic continuation of ζq(s,x), one can easily obtain that
for any non-negative integer n,
ζq( – n,x) = –
βn(x,q)
n . (.)









(–)kqkx k + [k + ]q
(n ≥ ), (.)





= (–q)nβn(x,q) (n ≥ ). (.)
Thus, the desired result follows by applying (.) and (.) to Theorem .. 
It follows that we show some special cases of Theorem .. Setting b =  in Theorem .,










which is a q-analogue of Raabe’s multiplication theorem for the classical Bernoulli poly-
nomials (see, e.g., []). Letting q →  in Theorem ., one can immediately obtain the gen-
















Based on the observation of Theorem ., we have the following.
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Again, applying the exponential series and (.) to the left-hand side of (.), with help






























Hence, comparison of the coeﬃcients of tn/n! in (.) gives the addition theorem for the
q-Bernoulli polynomials






qixβi(y,q)[x]n–iq (n ≥ ). (.)



















































Thus, by applying Theorem . to (.), we complete the proof of Theorem .. 
Clearly, Theorem . above can be regarded as an q-analogue of the corresponding clas-













where Sn(a) = n + n + · · · + (a – )n is called as the sums of powers. It is worth mention-
ing that the case x = , b =  in (.) can be used to give the proofs of the famous von
Staudt-Clausen, Frobenius, Ramanujan, etc.-type theorems, see [] for details. For some
generalization of (.) in other directions, the interested readers may consult [–].
We ﬁnally present another type symmetric identities for the Carlitz’s q-Bernoulli num-
bers and q-Bernoulli polynomials.
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q(n–k)xβm+k(x + y,q)[–x]n–kq . (.)
Proof Observe that
[x]qu + qx[y +m]q(u + v) = [x + y +m]q(u + v) – [x]qv. (.)












 – q – qx+y+m · (u + v)). (.)










qnxβn(y,q) (u + v)
n
n! . (.)






umvn–m to the summation on the right-hand side of (.),
and then changing the order of summation, we get
∞∑
n=






















Hence, putting (.) into (.), and then using the exponential series, with the help of
















































































βm+k(x + y,q), (.)
which together with –[x]q = qx[–x]q implies the desired result. We are done. 
It becomes obvious that (.) is a special case of Theorem . by setting n =  and
































Bm+k (m,n≥ ). (.)
In fact, there exists a similar symmetric identity to (.), which is as follows.


































qn+k(n + k + )βn+k(x,q)
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Thus, putting (.) and (.) to the right-hand side of (.), we are given the desired
result, and this completes the proof. 















(m + k + )Bm+k =  (m + n ≥ ), (.)
which was discovered and used to give a brief proof of the famous Kummer congruence
by Momiyama []. For the generalization of (.) and (.) in the other directions, one
is referred to [, ].
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